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Abstract
In the present paper we analysis the solution of N-person zero sum continuous differential game in the fuzzy rough
environment which uses the fuzzy rough sets to measure the dual and multiple uncertainties with high ambiguity and
vagueness in continuous differential games. The combination of fuzzy and rough set in continuous differential games
represents a new class defined as fuzzy rough continuous differential games. The necessary and sufficient conditions
are produced and numerical example is presented to support the theoretical claims of N-person zero sum fuzzy rough
continuous differential games.
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Introduction

The traditional study of differential game models, developed under classical (crisp) mathematics, usually assumes
that every player possesses complete and accurate information. Under this assumption, such games are analyzed
as full-information systems. However, in many real-world applications, the information available to players is often
imprecise or incomplete. These uncertainties are difficult to describe using purely deterministic or stochastic methods.
To address this issue, such imprecision is represented as fuzzy information, and differential games incorporating this
type of uncertainty are referred to as fuzzy differential games.

Differential game theory, initiated by Isaacs [9], has become a significant field of research due to its wide applications
in economics, operations research, and management science. His foundational work focused mainly on two-player
zero-sum dynamic game models. More recent studies have expanded on this framework. For example, Meghahed
and Hegazy [11] examined a min—max two-player zero-sum continuous-time dynamic game with fuzzy control
variables, while Hegazy [7] further explored solutions for such games when both controls and state trajectories are
fuzzy.

Building on these developments, we extend the concept to multi-player zero-sum settings, in which one participant
aims to maximize their performance index while all other players attempt to minimize theirs.

In addition, Pawlak’s rough set theory [16] provides a mathematical tool to approximate subsets of a universe through
lower and upper approximations. Zadeh'’s introduction of fuzzy set theory [20] further enriched the modelling of
uncertainty. Several researchers have since combined fuzzy and rough set frameworks. Dubois and Prade [9]
discussed various aspects of integrating these two theories, and Wygralak offered additional remarks on their
interrelation.

Definitions and Preliminaries

Definition: A fuzzy set A in R is called a fuzzy number if it satisfies the following properties:
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[1] Aisnormal.ie. 3 x, € Rs.t. uz(xo) = 1.

[2] Forevery a€ (0,1] the a-cut of the fuzzy set 4 is a closed interval.

[3] The support set of Ai.e.S(A)is bounded.S(A) = {x € R; uz(x) > 0}.
Where 17 : The membership function takes values in the interval R [0,1] for a fuzzy number A.”

Definition: “The a-level set or a-cut set of a fuzzy numberd € F(R),0 < a < 1, denoted by (4),, is closed and
bounded interval [AL, AY] where AL and AY denotes the left/right hand end point of (4),, respectively and defined
as (A), = {x € R; uz(x) = a}, where F(R) denote the set of all fuzzy numbers in R.”

Definition: “The algebraic operations for two triangular fuzzy numbers A = (a, ,a, ,as) and B = (b, , b, , b3)
are defined as follows:

(1] A+ B = (a, + by, ay+b,, az + b3)

2] A~—B = (ay — b3, a — by, a3 —by)

[3] kA = (kay, ka,, kas); k>0

[4] —A = (—a3, —az —a;)’”

Definition: “The a-cut for the triangular fuzzy number A = (a;, a,, a3) is defined as follows:
(Aq =las + (ay — ay)a, az — (a3 — ax)al;a € (0,1]”

Definition: “A fuzzy rough interval X® = [X*: XU] of a compact set X of real numbers satisfy following conditions,
[1] XR > 0Riff X* > 0L and XV > 0V
2] XR < ORiff XL < 0L and XU < 0Ywhere X~ is lower and XY is upper approximation fuzzy set.”

Definition: ‘LetAR® = [AL: AV], BR = [B*: BV]s.t. AR > 0Rand BR > OF, then
[1  AR(+)BR =[(AX + BY): (AY + BY)]

[2]  AR(=)BR =[(4r - BY): (4Y — BY)]

[B]  AR(X)BR = [(AL x BL): (AY x BY)]

41 AR())BR = [(A“/B"):(AY/BY)]”

Definition: “The point (u;YY (¢), u3UY (¢), ... upZY (t)) is a-open loop saddle point of the Zero-sum model with
N participants fuzzy rough continuous-time dynamlc game. Where the i*" player is interested in maximizing his cost
and the remaining players are interested in minimizing it" player cost, if

](ulu(t) uélau(t) ugul)a(t) u*UU(t) u(1+1)a(t) Ug(t)) <
Jig? (©,u557 (), w4y (), u*””(t) Uitya (8, e () <
Jio? @), u307 @), w0 (O, ufly (0, U e (), o upe’ ().

Problem Formulation

Mathematical formulation of Zero-sum model with N participants fuzzy rough continuous-time dynamic game is given
by:
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i M) L CHOR I OW A O) )

= " (*()) + f "RG0, 1), B (O), ... 7 (), Ot
With constraints
#R(D) = FRER®, TR0, TR (D), ... BE (D), £); ¥R (ty) = %E; t € [to, t7] 2

N
JR@R@©), af (@), .. ax () = —ZLR (@ (@), T (2), ... ax (1))
=1

Jj#i

= JR(aR@®), @B (t), ... iR (1)) (3)

Where@if € UF < R™:, %R(0): [to, tf] — R, JR(GR(0), G5 (0), ... aR (t))and FR:R™ X RS X [to, ] = fo,
IR:R™ x R x [to, tr] = f; are the control variables, state trajectories, and cost functions represented within a

fuzzy-rough structure. fRand Iare continuous fuzzy rough functions. Applying definitions 2.2 and 2.6, problem (1-
3) can be classified into four sub-problems, namely UULP (upper upper a-level problem), LULP (lower upper a-level
problem), ULLP (upper lower a-level problem) and LLLP (lower lower a-level problem). We analyze UULP in our
discussion with three similar consequences.

UPPER-UPPER a-LEVEL PROBLEM (UULP)

min max
uuU ., UU vuldY (u%] (t):uélclz](t)' e ullvlg (t))
Ulg» Uzg s UNg

= oV (x4 (7)) + f "I G O O, ), 0,0 @

to

With constraints
xJV () = Y FV (@, uld (), udd (@), o ufs (), 1); x5V (80) = x5 5t € [to,tp]  (5)

N
i (Ul (), udg (), ... ugg (£)) = — Z! fo (uiy (), ufd (@), ... uyg (©)
=1

JE!
A CHORTHORNRIHG) (6)
LOWER-UPPER a-LEVEL PROBLEM (LULP)
min max L

u(, LU LU LU
u%(lx]r uég’ L ullvlé]a (ula (t): Uzg (t): e uNa(t))

ty
= ot (80 (e)) + [ 18 et 0,10, 1B 0, ), 0
to

With constraints
XU () = fEU (U (), utl (0), usl (©), .. ubl (6), ©); x5V (80) = x5Y; ¢ € [to, tf]
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N
i (uty (0, uy (@), ... uge (t)) = — Z!}é’ (uit (), uzg (0, ... ug (t))
=1

Jj#L
= J& (ut (), uy (0, ... ugi ()

UPPER-LOWER a-LEVEL PROBLEM (ULLP)

min max
UL %L]gL(u%(t),u%(t), e URR (D)
(24

UL
Uig) Uzgy - U

tf .
= o§* (x84(t;)) + f TUE(xeUE (), ulL (), wlL (D), ... ufl (D), de @
to
With constraints
xGE () = £ YR, WE (), udk (), .. ufL (), 0); xFE(te) = x¥L;t € [to, ;] (6

N
T (0, uh ©), . uflh(D) = = D JEE(uE ), uGE (D), .. u§h(D)
j=1

Jj#i
= JI Wik, ufE @), .. ufh D)

LOWER-LOWER a-LEVEL PROBLEM (LLLP)

minmax LL(,, LL LL LL
u%é’ u%é’ L uILVl&]a (ula(t)’ uZa(t)f e uNa(t))

ty
= okt (x(t)) + J IEE (B (6), ubh (0), ubL (£), ... uls, (6), £)dt
to
With constraints
XEE(6) = fEE(xBE(6), ufk (), ubh (D), ... ukh (1), ©); x5E (80) = x65; ¢ € [to, t7]

N
i (Uil (8), ush (), ... ugs () = — zjfé(uié(t),uéé(t). e U (D))
=1

Jj#i
=I5 (uie (0, us6 (), ... uf ()

Theorem: (Necessary Condition) Let 1PV (9 (), ulY (), udV (@), ... ubY (o), t) and

VUV (), WYY (), udY (0), .. ufl(t),t) are €' maps. If x:UU(t) is a— state trajectory,
(Y (0, wlP (©), ... upg (t)) is a -open loop saddle point for (UULP) then 3 a costate vector
PYU(t): [to, tr] = R™ and Hamiltonian

HZY (G (0), ufy (®), udy (@), ... uyg (t), BV (1), )
= 1YY (xZY (), u¥Z (©), udY (1), ... uf4 (), ©) (7)
+ PaUU(t)TfaUU(x(lZ]U(t)l u{]g (t), ugclll(t)' u%g(t)' t)
With constraints
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xgU () = U (G (), ufy (0, uzg (0), . uyg (£), ); x5V (to) = xGg (8)
suu e OHZU (g (), uly (), ugg (6), - uya (), R (6), ) (9)
P(l (t) - axUU
uu uu
zw%%f=a%xg?(qn (10)
axg” (tr)

min HZY (xFY (), ui¥ (), uz5? (©), . u( e (O, uftl (0, ity e (@), . un’ (8), PPV (¢

= HIY(xZY (), uis? (0, u55" (), . w(i 50 (0, uig Y (), w320 (O, - una’ (), PV () (11)
= max Hy" (xg" (), uty (1), ugg (o), .. Ul 1ye (), uid U (), ufy e @®), . ujs (@), PYY

ja

Jj#i

Further if (wi2Y (£), us8Y (t), ... . up2l (£) ) is an interior solution, then
oHYY (xJY O YT OudY (O, ufs@®).PYY (1))

9ulU =0;vi=1,2,..N (12)

And
a2HIY (xZY LY )Y (), uFY ),PYY (0),t)
azu]l-]au
Wid (), udd @, . uG 1 (O, ufl (0, uii e (©), . ufy () "
= @9V (), w32V (6), - uf% 0 (0, ulY (), ufPl o (), g2l 1) (13)
Vj#i

< 0;at

And

a2HIY (xZY LY )Y ), uFY (0),PYY (0),t) = 0- at
azudV -

(uie (O, udy (), uG 1o (O, uiz’ (O, UG e (0, - uye () =
(uia (), uge (0, w1 (O, uid T (), U 1), - uye (1) (14)

Proof: Provided that 1YY (x{Y (¢), uVY (t), udY (1), ...uYY(t), t) and

VU (kY (), u¥Y (), udl (o), ... ujY(t), t)areC* maps, then there exists a solution PYY(t) for the following
differential equation

BV ()
01 (28" (0, uig” (0, u33” (), - wiTo (0, uig (O, W(id 1o (), Uiz’ (), 1)
AR (19
v ey 2 L (e (@), uig? (0, use” (6, - w0, uig’ (), U(irn)e (), . unz (), t)
- Pa (t) uU
dx,
With adjoint equation
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P7Y(£)8x3Y(¢)
0187 (Y (), uig? (), uze” (©), - ugl e (O, ule (0, Uity (), - upz (8), t)
B oxJY
A2V (x8Y (), uilV (), w32V (), o uf Yy (), ull (6), uit iy (8), . uill (6), 1)
uu T a a yMa y W2 ) nen (l—l)a yUig ) (l+1)0( y o UNg )
+ P, (8) 500
a

+ HIY (x§Y (0, ui5 (), u557 (8), - ufi 4y (@), uig ¥ (£), uiitya (), - une’ (), PV (0), t)
— HYY (x§Y (0, 0157 (0, u35” (1), . w0 (0, ulld (0,44 (), - uial (0, P 0),¢)  (10)
The solution of equation (16) is 5xYY (t) with the initial condition 5xYY (t,) = 0, applying theorem (10.1) in [6]
d )
= (P (00x5" (1)) = R (06257 (1) + PV (8% (6)

= HJY (xdY (), ui5? (0, w357 (©), . u{ e (O, i Y (), w0, . ups? (0, PYU (), t)
— HZY (xg" (), uig” (), u3e" (0, - uii e (0, i’ (0, (ke (O, - ung’ (O, B ,0 47y
On integrating equation (17) w. r. t. "t" between the limits ¢, to t; and applying the condition 6xgY(t,) =

, dpgY (x§Y(ts)) 29dY (xgY(ts))
OWIthPaUU(tf) = Wand SJgU(u{’g(t),ugg(t), u%ﬁ,’(t)) = W(ngu(tf)

we obtain,
618" (uly (£), ufd (), ... uyy ()

ty
= f [HZY (xZY (), w357 (), w35 (), .. u e ), uid Y (0, uti e ), - un (0, PV (), )
t

0

— HYY (xFY (), uif¥ (), u35” (), o u( o (O, uftl (0, iy o (O, o unt (8), PPV (6), )] dt

Applying theorem (11.1) in [6] we obtain,

HYY (xFY (), us 3 (), uz5? (@), o u( o (O, uin U (0, u( Dy o (O, o unz’ (8), YV (0), 1)
< HIY(xZY (), w357 (), w35V (0, . ui e (), uily (), utia (0, - une’ (0, PYV (), 1)
Which gives,

min HYY (e (0, ui” (0,137 (1), il o (0,13 (0, w0 (0, il (0, P (0), 1)
ia
= HJY (xZY (), w;5Y (), w35 (), ... u{ 0y (), uiyy (0, uiine ), - unad (O, PPV (), 1) (20)
Similarly,
max HYY (xFY (), uf¥ (0, us5? (), . w0 (0, uie U (0, u( o (O, . uny’ (8), PPV (0), ©)
ja
s uu uu uu ( )
= HIY (xZY (0, w357 (), w35Y (), . ui e (), uily (), uita e (0, - une’ (0, PV (D), 1)
Theorem 3.1.2 (Sufficient Condition) The point (u;2Y (£), u35Y (¢), ... up2Y (t)) is a-saddle point for the UULP
if 3 a function PYY (¢) sit.
11 HIV(xZY (@), uifY (0, ush? (), o u( e (O, ufl (0, u(ly e (O, . uys’ (), PPV (0), t) —
Hg" (xg" (0, uig” (), uze” (6, - uii 150 (0, Uiz (6, Uiy (6), - ung’ (6, PV (), £) +
PGV () =27 () =2 0v xdU € X7V, ulV e UJV and t € [t tf].

2] PV (o) (x¥Y (to) — V" (t0)) — PYV (tf) (x4V (1) — 2" (1)) 2 0

66



0la(2025) SSIIMAR, Vol. 13, No. 6

Corresponding to inequality
§ (P (0, us (8, e (0, 1Y (6, u{ o (6), . unZV (1) )
< J2Y (w8Y (0, 4357 (©), o (O, ul (0,4 (), - (©))

B HYY(xd"(®), ufd (), udd (©), - ui1)e (), uid (0, u(i 1 (), - uyg (0, PV (), t) —

HYY (xY (), w;5Y (), w55 ), ... u{ e ), widV (0, uiiya (O, . unad (0, PPV (), t) +

PPV V@) —xPP @) < ovxdU € X7V, ulV € UYY and t € [to, tf].
4 REY () (e (to) = X (1)) = PEY (t) (8" (8) = %" (1)) < 0

corresponding to inequality

5 (w8 (0, u8Y (), ufl 132 (0, uV (), ul 1) (0), . ufY (D) )

< 78V (Y (0,350 (1), - i (0,427 (0,4 o (O, . w2l ()

Proof: Letu:'Y € UVU and for admissible trajectory x:Y, Hamiltonian is
HZY (xg? (), uty (8), uzg (), . ung (8), PV (6), 1)
= 15" (x3" (1), uty (t), ugg (), ... uya (t), t)
+ PUU)T LIV YV (), vl (), udY (b)), ... ufl (o), t)
(22)
For admissible trajectory x;’Y and x5Y () = £2Y (xJY (t), u¥Y (), ud¥ (t), .... uJY(t), t) we have,
189 (7Y (0, ui8? (0, u35Y (0, e uf e (0, ufly (), ui ) o (O, o ups’ (0, 1)
— 190 (x3"U (), wi5Y ), u35Y (), - uZ e (O, uid (0, uiZ ) o (O, . upsd (0), t)

F RO - 0) 2 0 23)

On integrating w. r. t. "t" between the limits ¢, to t; and using the condition (ii), we obtain

ty
f [129 (x3PY (), ui8Y (), w5V (8), - u{P % (), ull (0, By e (), - w2l (), t)
to
— 1Y (%277 (O, uig" (0, uz0" (), - uii 10 (0, uid Y (0, i 1e (O, - uye’ (), t)]de

z0 (24)

Which gives,
5V (w380 (0, u34 (©), - (0,20 (0, 4o (©), iy ()

< 78V (w8Y (0,380 (1), g% (0,4l (O, uio (O, w2 (©)  (25)
Similarly, conditions (iii) and (iv) gives
uu (uﬁf"(t), udY (), . u( e (), uid’ ), ul e (), .. u%fx’(t))

< 7YY (w8Y (0,380 (1), %) (0,027 (0, 4% (O, . w2 () (26)

Numerical Example
Suppose the state equation and the fuzzy cost function are given by
xR() = TRaR () + TRoR(¢) + TRWR(t)
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X () = IRaR () + IRoR(t) — TRWR(b)
x5 5(0) = TRaR (O -1"o% (6) + TRwR (D)
min max

R ~r ~rJT@R@), TR(E), WR(D))

u,v-,w

= TRxR(tr) + 2R%5 (tr) + 3R%5 (tf)
+ [((2R +3F) — 2R + 3R)aR(6)? + (IR - TR oR(1))?
N .

(i — TRwR(6))?]dt

Where the fuzzy numbers 1%, 2%, 3Rare given below
= [(2.5,3,3.5): (2,4,5)]; 2R = [(1.5,3,3.5): (1,3,5)]; 3R = [(1.5,2.5,3): (1,3,4)]

Using definition 2.6 and a-cut of triangular fuzzy number, the corresponding UULP is given by, at a« = 0.4
(12())gq = 4.6(u(t))gq +4.6(v(t))g4q + 46w ()54
(12(6))g4 = 4-6(u(t))gq +4.6(v(t))gs — 2.8(W(t))o4
(t3(t))o4 = 4.6(u(t))os — 2.8(w())oa +4-6(wW())o4

uy TIEOTCI;UU] ()Y, w@)IY, (w()¥Y)

= 460G + 420 RE + 360t DB
+ ] "1(7.8 = 3.6(u(t)VY)? + (46 — 2.8(w())LY)?

0

+ (4.6 — 2.8(w(t))§5)?]dt

Equations (7-12) yields,

(Pi(tr))o4a = 4.6, (Pz(tf))04 =4.2; (P3(tf))04 =3. 6
~0.44 -2.32

(u(t))(l)]% - (3. 6)2 ’ ( ( )) - (2 8)2 ) ( ( )) - (2 8)2

We have, state trajectories,
(x1())54 = —1.5761(tr — to); (x2(t))gq = —1.4817(t; — to);
(x5 ()Y = 0.6137(tf — to)

In a similar manner we can obtain the controls and the state trajectories associated with each player for the LULP
19.12 10.58 10.58

W(O)BY = s (O = Z7 s WY = g (ra (D)8, = 3.6799(ty -
to); (42 ()84 = —0.0201(ty — to); (x5(£)85 = —0.0201(¢t; — to)

For ULLP

)8k = 27 Wi = 5o WEEh = 5o (a (0)Fh = 41422(t; — to);
(ra (D)5 = 14262(ty — to); (x3(1){§ = 26607 (ty = to)

For LLLP
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WO = oz (D) = 5 WOl = 250 (D)8 = 4.0224(t; — to);

(2 ()64 = 0. 6257 (tr — to); (x3(t)64 = 0.9563(tf — to)

Hence the a-saddle point (for @ = 0.4) of this example is
15.355 8.89] 19.12 -0.44]. 5.565 1.8 ]_[10.58 —2.32]]

~R — 22222 887 |17.1s TYUA% ~R —
(@oa = [[(6.1)2 '@2] " L(7.8)27 3. 6)2]] ( Joa = [[(3 3)2’ (27)2]1 " 1(4.6)%" (2.8)2
6165 ] [1058 —01]

@04 = [| 337" (27)2 @6)' (28)?

Conclusion

The study establishes the necessary and sufficient criteria for the existence of an a\alphaa-open-
loop saddle point. In this work, we analyze an NNN-player zero-sum continuous dynamic game
formulated under the fuzzy-rough framework. The derived conditions are illustrated through a
numerical example involving three players, evaluated at a = 0.4 under various scenarios. The
findings are applicable to situations where it is desirable to optimize the advantage for a specific
individual or organization
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