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Abstract 
In the present paper we analysis the solution of N-person zero sum continuous differential game in the fuzzy rough 
environment which uses the fuzzy rough sets to measure the dual and multiple uncertainties with high ambiguity and 
vagueness in continuous differential games. The combination of fuzzy and rough set in continuous differential games 
represents a new class defined as fuzzy rough continuous differential games. The necessary and sufficient conditions 
are produced and numerical example is presented to support the theoretical claims of N-person zero sum fuzzy rough 
continuous differential games. 
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 Introduction 
 
The traditional study of differential game models, developed under classical (crisp) mathematics, usually assumes 
that every player possesses complete and accurate information. Under this assumption, such games are analyzed 
as full-information systems. However, in many real-world applications, the information available to players is often 
imprecise or incomplete. These uncertainties are difficult to describe using purely deterministic or stochastic methods. 
To address this issue, such imprecision is represented as fuzzy information, and differential games incorporating this 
type of uncertainty are referred to as fuzzy differential games. 
 
Differential game theory, initiated by Isaacs [9], has become a significant field of research due to its wide applications 
in economics, operations research, and management science. His foundational work focused mainly on two-player 
zero-sum dynamic game models. More recent studies have expanded on this framework. For example, Meghahed 
and Hegazy [11] examined a min–max two-player zero-sum continuous-time dynamic game with fuzzy control 
variables, while Hegazy [7] further explored solutions for such games when both controls and state trajectories are 
fuzzy. 
 
Building on these developments, we extend the concept to multi-player zero-sum settings, in which one participant 
aims to maximize their performance index while all other players attempt to minimize theirs. 
In addition, Pawlak’s rough set theory [16] provides a mathematical tool to approximate subsets of a universe through 
lower and upper approximations. Zadeh’s introduction of fuzzy set theory [20] further enriched the modelling of 
uncertainty. Several researchers have since combined fuzzy and rough set frameworks. Dubois and Prade [5] 
discussed various aspects of integrating these two theories, and Wygralak offered additional remarks on their 
interrelation. 
 

Definitions and Preliminaries 
 
Definition: A fuzzy set 𝐴̃ in R is called a fuzzy number if it satisfies the following properties:
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[1] 𝐴̃ is normal. i.e. ∃ 𝑥0 ∈ 𝑅 s.t.  𝜇𝐴̃(𝑥0) = 1. 

[2] For every α∈ (0,1] the α-cut of the fuzzy set 𝐴̃ is a closed interval. 

[3] 𝑇ℎ𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑠𝑒𝑡 𝑜𝑓𝐴̃ i.e. 𝑆(𝐴̃) is bounded.𝑆(𝐴̃)  = {𝑥 ∈ 𝑅 ; 𝜇𝐴̃(𝑥) > 0}. 

Where 𝜇𝐴̃ ∶ The membership function takes values in the interval R [0,1] for a fuzzy number 𝐴̃.” 
 

Definition: “The 𝛼-level set or 𝛼-cut set of a fuzzy number𝐴̃ ∈ 𝐹(𝑅), 0 < 𝛼 ≤ 1, denoted by (𝐴̃)𝛼 is closed and 

bounded interval [𝐴𝛼
𝐿 , 𝐴𝛼

𝑈] where 𝐴𝛼
𝐿  and 𝐴𝛼

𝑈 denotes the left/right hand end point of (𝐴̃)𝛼 respectively and defined 

as (𝐴̃)𝛼 = {𝑥 ∈ 𝑅 ;  𝜇𝐴̃(𝑥) ≥ 𝛼} , where 𝐹(𝑅) denote the set of all fuzzy numbers in R.” 
 

Definition: “The algebraic operations for two triangular fuzzy numbers 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3) and 𝐵̃ = (𝑏1 , 𝑏2 , 𝑏3) 
are defined as follows: 

[1] 𝐴̃ + 𝐵̃ = (𝑎1 + 𝑏1, 𝑎2+𝑏2, 𝑎3 + 𝑏3) 

[2] 𝐴̃ − 𝐵̃ = (𝑎1 − 𝑏3, 𝑎2 − 𝑏2, 𝑎3 − 𝑏1) 

[3] 𝑘𝐴̃ = (𝑘𝑎1, 𝑘𝑎2, 𝑘𝑎3); 𝑘 > 0 

[4] −𝐴̃ = (−𝑎3, −𝑎2, −𝑎1).” 
 

Definition: “The 𝛼-cut for the triangular fuzzy number 𝐴̃ = (𝑎1, 𝑎2, 𝑎3) is defined as follows: 

(𝐴̃)𝛼 = [𝑎1 + (𝑎2 − 𝑎1)𝛼, 𝑎3 − (𝑎3 − 𝑎2)𝛼]; 𝛼 ∈ (0,1].” 
 

Definition: “A fuzzy rough interval 𝑋̃𝑅 = [𝑋̃𝐿: 𝑋̃𝑈] of a compact set X of real numbers satisfy following conditions, 

[1] 𝑋̃𝑅 ≥ 0̃𝑅 iff 𝑋̃𝐿 ≥ 0̃𝐿 and 𝑋̃𝑈 ≥ 0̃𝑈 

[2] 𝑋̃𝑅 ≤ 0̃𝑅 iff 𝑋̃𝐿 ≤ 0̃𝐿 and 𝑋̃𝑈 ≤ 0̃𝑈where 𝑋̃𝐿 is lower and 𝑋̃𝑈 is upper approximation fuzzy set.” 
 

Definition: “Let𝐴̃𝑅 = [𝐴̃𝐿: 𝐴̃𝑈], 𝐵̃𝑅 = [𝐵̃𝐿: 𝐵̃𝑈]s.t. 𝐴̃𝑅 ≥ 0̃𝑅and 𝐵̃𝑅 ≥ 0̃𝑅, then 

[1] 𝐴̃𝑅(+)𝐵̃𝑅 = [(𝐴̃𝐿 + 𝐵̃𝐿): (𝐴̃𝑈 + 𝐵̃𝑈)] 

[2] 𝐴̃𝑅(−)𝐵̃𝑅 = [(𝐴̃𝐿 − 𝐵̃𝐿): (𝐴̃𝑈 − 𝐵̃𝑈)] 

[3] 𝐴̃𝑅(×)𝐵̃𝑅 = [(𝐴̃𝐿 × 𝐵̃𝐿): (𝐴̃𝑈 × 𝐵̃𝑈)] 

[4] 𝐴̃𝑅(/)𝐵̃𝑅 = [(𝐴̃𝐿/𝐵̃𝐿): (𝐴̃𝑈/𝐵̃𝑈)].” 

 

Definition: “The point  (𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) is 𝛼-open loop saddle point of the Zero-sum model with 

N participants fuzzy rough continuous-time dynamic game. Where the 𝑖𝑡ℎ player is interested in maximizing his cost 

and the remaining players are interested in minimizing 𝑖𝑡ℎ player cost, if 

𝐽(𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … , 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡)) ≤

𝐽(𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … , 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … . 𝑢𝑁𝛼

∗𝑈𝑈(𝑡)) ≤

𝐽(𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … . 𝑢𝑁𝛼

∗𝑈𝑈(𝑡)).” 

 

Problem Formulation 

Mathematical formulation of Zero-sum model with N participants fuzzy rough continuous-time dynamic game is given 
by: 
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min 𝑚𝑎𝑥
𝑢̃1,

𝑅𝑢̃2,
𝑅 … . 𝑢̃𝑁

𝑅 𝐽𝑅(𝑢̃1
𝑅(𝑡), 𝑢̃2

𝑅(𝑡), … . 𝑢̃𝑁
𝑅 (𝑡))

= 𝜑̃𝑅 (𝑥̃𝑅(𝑡𝑓)) + ∫ 𝐼𝑅(𝑥̃𝑅(𝑡), 𝑢̃1
𝑅(𝑡), 𝑢̃2

𝑅(𝑡), … . 𝑢̃𝑁
𝑅 (𝑡), 𝑡)𝑑𝑡

𝑡𝑓

𝑡0

 

(1) 

 
With constraints 

𝑥̇̃𝑅(𝑡) = 𝑓𝑅(𝑥̃𝑅(𝑡), 𝑢̃1
𝑅(𝑡), 𝑢̃2

𝑅(𝑡), … . 𝑢̃𝑁
𝑅 (𝑡), 𝑡); 𝑥̃𝑅(𝑡0) = 𝑥̃0 

𝑅 ; 𝑡 ∈ [𝑡0, 𝑡𝑓] (2) 

𝐽𝑖
𝑅(𝑢̃1

𝑅(𝑡), 𝑢̃2
𝑅(𝑡), … . 𝑢̃𝑁

𝑅 (𝑡)) = − ∑ 𝐽𝑗
𝑅(𝑢̃1

𝑅(𝑡), 𝑢̃2
𝑅(𝑡), … . 𝑢̃𝑁

𝑅 (𝑡))

𝑁

𝑗=1
𝑗≠𝑖

≡ 𝐽𝑅(𝑢̃1
𝑅(𝑡), 𝑢̃2

𝑅(𝑡), … . 𝑢̃𝑁
𝑅 (𝑡)) 

 

(3) 

 

Where 𝑢̃𝑖
𝑅 ∈ 𝑈̃𝑖

𝑅 ⊂ 𝑅𝑚𝑖 , 𝑥̃𝑅(𝑡): [𝑡0, 𝑡𝑓]  → R , 𝐽𝑖
𝑅(𝑢̃1

𝑅(𝑡), 𝑢̃2
𝑅(𝑡), … . 𝑢̃𝑁

𝑅 (𝑡))and 𝑓𝑅: 𝑅𝑛 × 𝑅𝑠 × [𝑡0, 𝑡𝑓] → 𝑓0 , 

𝐼𝑅: 𝑅𝑛 × 𝑅𝑠 × [𝑡0, 𝑡𝑓] → 𝑓0 are the control variables, state trajectories, and cost functions represented within a 

fuzzy–rough structure. 𝑓𝑅and 𝐼𝑅are continuous fuzzy rough functions. Applying definitions 2.2 and 2.6, problem (1-
3) can be classified into four sub-problems, namely UULP (upper upper 𝛼-level problem), LULP (lower upper 𝛼-level 
problem), ULLP (upper lower 𝛼-level problem) and LLLP (lower lower 𝛼-level problem). We analyze UULP in our 
discussion with three similar consequences. 
 

UPPER-UPPER 𝜶-LEVEL PROBLEM (UULP) 
min 𝑚𝑎𝑥

𝑢1𝛼
𝑈𝑈, 𝑢2𝛼

𝑈𝑈, … . 𝑢𝑁𝛼
𝑈𝑈𝐽𝛼

𝑈𝑈(𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
𝑈𝑈(𝑡))

= 𝜑𝛼
𝑈𝑈 (𝑥𝛼

𝑈𝑈(𝑡𝑓)) + ∫ 𝐼𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡)𝑑𝑡

𝑡𝑓

𝑡0

 

 

(4) 

 
With constraints 

𝑥̇𝛼
𝑈𝑈(𝑡) = 𝑓𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … . 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑡); 𝑥𝛼
𝑈𝑈(𝑡0) = 𝑥0𝛼

𝑈𝑈; 𝑡 ∈ [𝑡0, 𝑡𝑓] (5) 

𝐽𝑖𝛼
𝑈𝑈(𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … . 𝑢𝑁𝛼

𝑈𝑈(𝑡)) = − ∑ 𝐽𝑗𝛼
𝑈𝑈(𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … . 𝑢𝑁𝛼

𝑈𝑈(𝑡))

𝑁

𝑗=1
𝑗≠𝑖

≡ 𝐽𝛼
𝑈𝑈(𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … . 𝑢𝑁𝛼

𝑈𝑈(𝑡)) 

 

(6) 

 
LOWER-UPPER 𝜶-LEVEL PROBLEM (LULP) 

min 𝑚𝑎𝑥
𝑢1𝛼

𝐿𝑈, 𝑢2𝛼
𝐿𝑈, … . 𝑢𝑁𝛼

𝐿𝑈 𝐽𝛼
𝐿𝑈(𝑢1𝛼

𝐿𝑈(𝑡), 𝑢2𝛼
𝐿𝑈(𝑡), … . 𝑢𝑁𝛼

𝐿𝑈 (𝑡))

= 𝜑𝛼
𝐿𝑈 (𝑥𝛼

𝐿𝑈(𝑡𝑓)) + ∫ 𝐼𝛼
𝐿𝑈(𝑥𝛼

𝐿𝑈(𝑡), 𝑢1𝛼
𝐿𝑈(𝑡), 𝑢2𝛼

𝐿𝑈(𝑡), … . 𝑢𝑁𝛼
𝐿𝑈 (𝑡), 𝑡)𝑑𝑡

𝑡𝑓

𝑡0

 

 

 

 
With constraints 

𝑥̇𝛼
𝐿𝑈(𝑡) = 𝑓𝛼

𝐿𝑈(𝑥𝛼
𝐿𝑈(𝑡), 𝑢1𝛼

𝐿𝑈(𝑡), 𝑢2𝛼
𝐿𝑈(𝑡), … . 𝑢𝑁𝛼

𝐿𝑈 (𝑡), 𝑡); 𝑥𝛼
𝐿𝑈(𝑡0) = 𝑥0𝛼

𝐿𝑈; 𝑡 ∈ [𝑡0, 𝑡𝑓]  
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𝐽𝑖𝛼
𝐿𝑈(𝑢1𝛼

𝐿𝑈(𝑡), 𝑢2𝛼
𝐿𝑈(𝑡), … . 𝑢𝑁𝛼

𝐿𝑈 (𝑡)) = − ∑ 𝐽𝑗𝛼
𝐿𝑈(𝑢1𝛼

𝐿𝑈(𝑡), 𝑢2𝛼
𝐿𝑈(𝑡), … . 𝑢𝑁𝛼

𝐿𝑈 (𝑡))

𝑁

𝑗=1
𝑗≠𝑖

≡ 𝐽𝛼
𝐿𝑈(𝑢1𝛼

𝐿𝑈(𝑡), 𝑢2𝛼
𝐿𝑈(𝑡), … . 𝑢𝑁𝛼

𝐿𝑈 (𝑡)) 

 

 

 
UPPER-LOWER 𝜶-LEVEL PROBLEM (ULLP) 

min 𝑚𝑎𝑥
𝑢1𝛼

𝑈𝐿 , 𝑢2𝛼
𝑈𝐿 , … . 𝑢𝑁𝛼

𝑈𝐿 𝐽𝛼
𝑈𝐿(𝑢1𝛼

𝑈𝐿(𝑡), 𝑢2𝛼
𝑈𝐿(𝑡), … . 𝑢𝑁𝛼

𝑈𝐿 (𝑡))

= 𝜑𝛼
𝑈𝐿 (𝑥𝛼

𝑈𝐿(𝑡𝑓)) + ∫ 𝐼𝛼
𝑈𝐿(𝑥𝛼

𝑈𝐿(𝑡), 𝑢1𝛼
𝑈𝐿(𝑡), 𝑢2𝛼

𝑈𝐿(𝑡), … . 𝑢𝑁𝛼
𝑈𝐿 (𝑡), 𝑡)𝑑𝑡

𝑡𝑓

𝑡0

 

 

(4) 

With constraints 

𝑥̇𝛼
𝑈𝐿(𝑡) = 𝑓𝛼

𝑈𝐿(𝑥𝛼
𝑈𝐿(𝑡), 𝑢1𝛼

𝑈𝐿(𝑡), 𝑢2𝛼
𝑈𝐿(𝑡), … . 𝑢𝑁𝛼

𝑈𝐿 (𝑡), 𝑡); 𝑥𝛼
𝑈𝐿(𝑡0) = 𝑥0𝛼

𝑈𝐿; 𝑡 ∈ [𝑡0, 𝑡𝑓] (5) 

𝐽𝑖𝛼
𝑈𝐿(𝑢1𝛼

𝑈𝐿(𝑡), 𝑢2𝛼
𝑈𝐿(𝑡), … . 𝑢𝑁𝛼

𝑈𝐿 (𝑡)) = − ∑ 𝐽𝑗𝛼
𝑈𝐿(𝑢1𝛼

𝑈𝐿(𝑡), 𝑢2𝛼
𝑈𝐿(𝑡), … . 𝑢𝑁𝛼

𝑈𝐿 (𝑡))

𝑁

𝑗=1
𝑗≠𝑖

≡ 𝐽𝛼
𝑈𝐿(𝑢1𝛼

𝑈𝐿(𝑡), 𝑢2𝛼
𝑈𝐿(𝑡), … . 𝑢𝑁𝛼

𝑈𝐿 (𝑡)) 

 

 
 

 

LOWER-LOWER 𝜶-LEVEL PROBLEM (LLLP) 
min 𝑚𝑎𝑥

𝑢1𝛼
𝐿𝐿 , 𝑢2𝛼

𝐿𝐿 , … . 𝑢𝑁𝛼
𝐿𝐿 𝐽𝛼

𝐿𝐿(𝑢1𝛼
𝐿𝐿 (𝑡), 𝑢2𝛼

𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼
𝐿𝐿 (𝑡))

= 𝜑𝛼
𝐿𝐿 (𝑥𝛼

𝐿𝐿(𝑡𝑓)) + ∫ 𝐼𝛼
𝐿𝐿(𝑥𝛼

𝐿𝐿(𝑡), 𝑢1𝛼
𝐿𝐿 (𝑡), 𝑢2𝛼

𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼
𝐿𝐿 (𝑡), 𝑡)𝑑𝑡

𝑡𝑓

𝑡0

 

 

(4) 

 
With constraints 

𝑥̇𝛼
𝐿𝐿(𝑡) = 𝑓𝛼

𝐿𝐿(𝑥𝛼
𝐿𝐿(𝑡), 𝑢1𝛼

𝐿𝐿 (𝑡), 𝑢2𝛼
𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼

𝐿𝐿 (𝑡), 𝑡); 𝑥𝛼
𝐿𝐿(𝑡0) = 𝑥0𝛼

𝐿𝐿 ; 𝑡 ∈ [𝑡0, 𝑡𝑓] (5) 

𝐽𝑖𝛼
𝐿𝐿(𝑢1𝛼

𝐿𝐿 (𝑡), 𝑢2𝛼
𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼

𝐿𝐿 (𝑡)) = − ∑ 𝐽𝑗𝛼
𝐿𝐿(𝑢1𝛼

𝐿𝐿 (𝑡), 𝑢2𝛼
𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼

𝐿𝐿 (𝑡))

𝑁

𝑗=1
𝑗≠𝑖

≡ 𝐽𝛼
𝐿𝐿(𝑢1𝛼

𝐿𝐿 (𝑡), 𝑢2𝛼
𝐿𝐿 (𝑡), … . 𝑢𝑁𝛼

𝐿𝐿 (𝑡)) 

 

 
 

Theorem: (Necessary Condition) Let 𝐼𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡)  and 

𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡) are 𝐶1  maps. If 𝑥𝛼

∗𝑈𝑈(𝑡)  is 𝛼 − state trajectory, 

(𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
∗𝑈𝑈(𝑡))  is 𝛼 -open loop saddle point for (UULP) then ∃  a costate vector 

𝑃𝛼
𝑈𝑈(𝑡): [𝑡0, 𝑡𝑓] → 𝑅𝑛 and Hamiltonian 

 

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑃𝛼

𝑈𝑈(𝑡), 𝑡)
= 𝐼𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑡)
+ 𝑃𝛼

𝑈𝑈(𝑡)𝑇𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡) 

 

(7) 

 
With constraints 
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𝑥̇𝛼
𝑈𝑈(𝑡) = 𝑓𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑡); 𝑥𝛼
𝑈𝑈(𝑡0) = 𝑥0𝛼

𝑈𝑈 (8) 

 

𝑃̇𝛼
𝑈𝑈(𝑡) = −

𝜕𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑃𝛼

𝑈𝑈(𝑡), 𝑡)

𝜕𝑥𝛼
𝑈𝑈  

 
(9) 

𝑃𝛼
𝑈𝑈(𝑡𝑓)

𝑇
=

𝜕𝜑𝛼
𝑈𝑈 (𝑥𝛼

𝑈𝑈(𝑡𝑓))

𝜕𝑥𝛼
𝑈𝑈(𝑡𝑓)

 

 
(10) 

 

min
𝑢𝑖𝛼

𝑈𝑈
𝐻𝛼

𝑈𝑈( 𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡), 𝑃𝛼

𝑈𝑈(𝑡), 𝑡)

=  𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

=  max
𝑢𝑗𝛼

𝑈𝑈

𝑗≠𝑖

𝐻𝛼
𝑈𝑈( 𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 
 
 
(11) 

 

Further if (𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) is an interior solution, then  

𝜕𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡),𝑢1𝛼
𝑈𝑈(𝑡),𝑢2𝛼

𝑈𝑈(𝑡),…𝑢𝑁𝛼
𝑈𝑈(𝑡),𝑃𝛼

𝑈𝑈(𝑡),𝑡)

𝜕𝑢𝑖𝛼
𝑈𝑈 = 0 ; ∀ 𝑖 = 1, 2, … 𝑁 

 
(12) 

 
And 

𝜕2𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡),𝑢1𝛼
𝑈𝑈(𝑡),𝑢2𝛼

𝑈𝑈(𝑡),…𝑢𝑁𝛼
𝑈𝑈(𝑡),𝑃𝛼

𝑈𝑈(𝑡),𝑡)

𝜕2𝑢𝑗𝛼
𝑈𝑈  ≤ 0; at 

(𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡))

= (𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡)  

∀ 𝑗 ≠ 𝑖 

 
 
 
(13) 
 

And  
𝜕2𝐻𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡),𝑢1𝛼

𝑈𝑈(𝑡),𝑢2𝛼
𝑈𝑈(𝑡),…𝑢𝑁𝛼

𝑈𝑈(𝑡),𝑃𝛼
𝑈𝑈(𝑡),𝑡)

𝜕2𝑢𝑖𝛼
𝑈𝑈  ≥ 0; at 

(𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡)) =

(𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡)) 

 
 
 
(14) 

 

Proof:   Provided that 𝐼𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡) and  

 

𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡)are𝐶1  maps, then there exists a solution 𝑃𝛼

𝑈𝑈(𝑡) for the following 
differential equation 

 

𝑃̇𝛼
𝑈𝑈(𝑡)

= −
𝜕𝐼𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡), 𝑡)

𝜕𝑥𝛼
𝑈𝑈

− 𝑃𝛼
𝑈𝑈(𝑡)𝑇

𝜕𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
8𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)

𝜕𝑥𝛼
𝑈𝑈  

 
 
 
 
(15) 

 
With adjoint equation 
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𝑃𝛼
𝑈𝑈(𝑡)𝛿𝑥̇𝛼

𝑈𝑈(𝑡)

= [
𝜕𝐼𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡), 𝑡)

𝜕𝑥𝛼
𝑈𝑈

+ 𝑃𝛼
𝑈𝑈(𝑡)𝑇

𝜕𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)

𝜕𝑥𝛼
𝑈𝑈 ]

+ 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

− 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 
 
 
 
 
 
 
(16) 

The solution of equation (16) is 𝛿𝑥𝛼
𝑈𝑈(𝑡) with the initial condition 𝛿𝑥𝛼

𝑈𝑈(𝑡0) = 0, applying theorem (10.1) in [6] 
𝑑

𝑑𝑡
(𝑃𝛼

𝑈𝑈(𝑡)𝛿𝑥𝛼
𝑈𝑈(𝑡)) = 𝑃𝛼

𝑈𝑈(𝑡)𝛿𝑥̇𝛼
𝑈𝑈(𝑡) + 𝑃̇𝛼

𝑈𝑈(𝑡)𝛿𝑥𝛼
𝑈𝑈(𝑡)

= 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

− 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 
 

 
(17) 

On integrating equation (17) w. r. t. "𝑡"  between the limits 𝑡0  to 𝑡𝑓  and applying the condition 𝛿𝑥𝛼
𝑈𝑈(𝑡0) =

0with𝑃𝛼
𝑈𝑈(𝑡𝑓) =  

𝜕𝜑𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡𝑓))

𝜕𝑥𝛼
𝑈𝑈(𝑡𝑓)

and 𝛿𝐽𝛼
𝑈𝑈(𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡)) =
𝜕𝜑𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡𝑓))

𝜕𝑥𝛼
𝑈𝑈(𝑡𝑓)

𝛿𝑥𝛼
𝑈𝑈(𝑡𝑓)  

 
we obtain, 

𝛿𝐽𝛼
𝑈𝑈(𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡))

= ∫ [𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

𝑡𝑓

𝑡0

− 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)] 𝑑𝑡 

 
 

 
(18) 

Applying theorem (11.1) in [6] we obtain, 
 

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

≤ 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 
(19) 

Which gives, 
 

min
𝑢𝑖𝛼

𝑈𝑈
𝐻𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡), 𝑃𝛼

𝑈𝑈(𝑡), 𝑡 )

= 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 

(20) 

Similarly, 

max
𝑢𝑗𝛼

𝑈𝑈

𝑗≠𝑖

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡)

= 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) 

 
 
(21) 

Theorem 3.1.2 (Sufficient Condition) The point (𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) is 𝛼-saddle point for the UULP 

if ∃ a function 𝑃𝛼
𝑈𝑈(𝑡) s.t. 

[1] 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) −

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) +

𝑃̇𝛼
𝑈𝑈(𝑡)(𝑥𝛼

𝑈𝑈(𝑡) − 𝑥𝛼
∗𝑈𝑈(𝑡)) ≥ 0∀ 𝑥𝛼

𝑈𝑈 ∈ 𝑋𝛼
𝑈𝑈, 𝑢𝛼

𝑈𝑈 ∈ 𝑈𝛼
𝑈𝑈 and 𝑡 ∈ [𝑡0, 𝑡𝑓]. 

[2] 𝑃𝛼
𝑈𝑈(𝑡0)(𝑥𝛼

𝑈𝑈(𝑡0) − 𝑥𝛼
∗𝑈𝑈(𝑡0)) − 𝑃𝛼

𝑈𝑈(𝑡𝑓) (𝑥𝛼
𝑈𝑈(𝑡𝑓) − 𝑥𝛼

∗𝑈𝑈(𝑡𝑓)) ≥ 0  
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Corresponding to inequality 

𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡))

≤ 𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) 

[3] 𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) −

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑃𝛼
𝑈𝑈(𝑡), 𝑡) +

𝑃̇𝛼
𝑈𝑈(𝑡)(𝑥𝛼

𝑈𝑈(𝑡) − 𝑥𝛼
∗𝑈𝑈(𝑡)) ≤ 0∀ 𝑥𝛼

𝑈𝑈 ∈ 𝑋𝛼
𝑈𝑈, 𝑢𝛼

𝑈𝑈 ∈ 𝑈𝛼
𝑈𝑈 and 𝑡 ∈ [𝑡0, 𝑡𝑓]. 

[4] 𝑃𝛼
𝑈𝑈(𝑡0)(𝑥𝛼

𝑈𝑈(𝑡0) − 𝑥𝛼
∗𝑈𝑈(𝑡0)) − 𝑃𝛼

𝑈𝑈(𝑡𝑓) (𝑥𝛼
𝑈𝑈(𝑡𝑓) − 𝑥𝛼

∗𝑈𝑈(𝑡𝑓)) ≤ 0 

corresponding to inequality  

𝐽𝛼
𝑈𝑈 (𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡))

≤ 𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) 

 
Proof:  Let 𝑢𝛼

∗𝑈𝑈 ∈ 𝑈𝛼
𝑈𝑈 and for admissible trajectory 𝑥𝛼

∗𝑈𝑈, Hamiltonian is 

𝐻𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑃𝛼

𝑈𝑈(𝑡), 𝑡)
= 𝐼𝛼

𝑈𝑈(𝑥𝛼
𝑈𝑈(𝑡), 𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢𝑁𝛼

𝑈𝑈(𝑡), 𝑡)
+ 𝑃𝛼

𝑈𝑈(𝑡)𝑇𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡) 

 

 
(22) 

For admissible trajectory 𝑥𝛼
∗𝑈𝑈 and 𝑥̇𝛼

𝑈𝑈(𝑡) = 𝑓𝛼
𝑈𝑈(𝑥𝛼

𝑈𝑈(𝑡), 𝑢1𝛼
𝑈𝑈(𝑡), 𝑢2𝛼

𝑈𝑈(𝑡), … . 𝑢𝑁𝛼
𝑈𝑈(𝑡), 𝑡) we have, 

𝐼𝛼
𝑈𝑈(𝑥𝛼

∗𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)

− 𝐼𝛼
𝑈𝑈(𝑥𝛼

∗𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)

+
𝑑

𝑑𝑡
(𝑃𝛼

𝑈𝑈(𝑡)(𝑥𝛼
𝑈𝑈(𝑡) − 𝑥𝛼

∗𝑈𝑈(𝑡))) ≥ 0 

 
 
 
(23) 

 
On integrating w. r. t. "𝑡" between the limits 𝑡0 to 𝑡𝑓 and using the condition (ii), we obtain 

∫ [𝐼𝛼
𝑈𝑈(𝑥𝛼

∗𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)
𝑡𝑓

𝑡0

− 𝐼𝛼
𝑈𝑈(𝑥𝛼

∗𝑈𝑈(𝑡), 𝑢1𝛼
∗𝑈𝑈(𝑡), 𝑢2𝛼

∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼
∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼

∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼
∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼

∗𝑈𝑈(𝑡), 𝑡)]𝑑𝑡

≥ 0 

 

 
 
(24) 

 
Which gives, 

𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡))

≤ 𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) 

 
 
(25) 

Similarly, conditions (iii) and (iv) gives 

𝐽𝛼
𝑈𝑈 (𝑢1𝛼

𝑈𝑈(𝑡), 𝑢2𝛼
𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
𝑈𝑈(𝑡))

≤ 𝐽𝛼
𝑈𝑈 (𝑢1𝛼

∗𝑈𝑈(𝑡), 𝑢2𝛼
∗𝑈𝑈(𝑡), … 𝑢(𝑖−1)𝛼

∗𝑈𝑈 (𝑡), 𝑢𝑖𝛼
∗𝑈𝑈(𝑡), 𝑢(𝑖+1)𝛼

∗𝑈𝑈 (𝑡), … 𝑢𝑁𝛼
∗𝑈𝑈(𝑡)) 

 
 
(26) 

 

Numerical Example 
Suppose the state equation and the fuzzy cost function are given by 

𝑥̃̇1
𝑅(𝑡) = 1̃𝑅𝑢̃𝑅(𝑡) + 1̃𝑅𝑣̃𝑅(𝑡) + 1̃𝑅𝑤̃𝑅(𝑡)  
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𝑥̃̇2
𝑅(𝑡) = 1̃𝑅𝑢̃𝑅(𝑡) + 1̃𝑅𝑣̃𝑅(𝑡) − 1̃𝑅𝑤̃𝑅(𝑡)  

𝑥̃̇3
𝑅(𝑡) = 1̃𝑅𝑢̃𝑅(𝑡)−1̃𝑅𝑣̃𝑅(𝑡) + 1̃𝑅𝑤̃𝑅(𝑡)  

min 𝑚𝑎𝑥
𝑢̃𝑅 , 𝑣̃𝑅 , 𝑤̃𝑅𝐽𝑅(𝑢̃𝑅(𝑡), 𝑣̃𝑅(𝑡), 𝑤̃𝑅(𝑡))

= 1̃𝑅𝑥̃1
𝑅(𝑡𝑓) + 2̃𝑅𝑥̃2

𝑅(𝑡𝑓) + 3̃𝑅𝑥̃3
𝑅(𝑡𝑓)

+ ∫ [((2̃𝑅 + 3̃𝑅) − (2̃𝑅 + 3̃𝑅)𝑢̃𝑅(𝑡))2 + (1̃𝑅 − 1̃𝑅𝑣̃𝑅(𝑡))2
𝑡𝑓

𝑡0

+ (1̃𝑅 − 1̃𝑅𝑤̃𝑅(𝑡))2]𝑑𝑡 

 

 

Where the fuzzy numbers 1̃𝑅 , 2̃𝑅 , 3̃𝑅are given below 

1̃𝑅 = [(2.5,3,3.5): (2,4,5)]; 2̃𝑅 = [(1.5,3,3.5): (1,3,5)]; 3̃𝑅 = [(1.5,2.5,3): (1,3,4)] 
 
Using definition 2.6 and 𝛼-cut of triangular fuzzy number, the corresponding UULP is given by, at 𝛼 = 0.4 

(𝑥̇1(𝑡))0.4
𝑈𝑈 = 4.6(𝑢(𝑡))0.4

𝑈𝑈 + 4.6(𝑣(𝑡))0.4
𝑈𝑈 + 4.6(𝑤(𝑡))0.4

𝑈𝑈  

(𝑥̇2(𝑡))0.4
𝑈𝑈 = 4.6(𝑢(𝑡))0.4

𝑈𝑈 + 4.6(𝑣(𝑡))0.4
𝑈𝑈 − 2.8(𝑤(𝑡))0.4

𝑈𝑈  

(𝑥̇3(𝑡))0.4
𝑈𝑈 = 4.6(𝑢(𝑡))0.4

𝑈𝑈 − 2.8(𝑣(𝑡))0.4
𝑈𝑈 + 4.6(𝑤(𝑡))0.4

𝑈𝑈  

 
min 𝑚𝑎𝑥

𝑢0.4
𝑈𝑈, 𝑣0.4

𝑈𝑈 , 𝑤0.4
𝑈𝑈𝐽0.4

𝑈𝑈((𝑢(𝑡))0.4
𝑈𝑈, (𝑣(𝑡))0.4

𝑈𝑈, (𝑤(𝑡))0.4
𝑈𝑈)

= 4.6(𝑥1(𝑡𝑓))0.4
𝑈𝑈 + 4.2(𝑥2(𝑡𝑓))0.4

𝑈𝑈  + 3.6(𝑥3(𝑡𝑓))0.4
𝑈𝑈

+ ∫ [(7.8 − 3.6(𝑢(𝑡))0.4
𝑈𝑈)2

𝑡𝑓

𝑡0

+ (4.6 − 2.8(𝑣(𝑡))0.4
𝑈𝑈)2

+ (4.6 − 2.8(𝑤(𝑡))0.4
𝑈𝑈)2]𝑑𝑡 

 

 
Equations (7-12) yields, 

(𝑃1(𝑡𝑓))0.4
𝑈𝑈 = 4.6;(𝑃2(𝑡𝑓))0.4

𝑈𝑈 = 4.2;(𝑃3(𝑡𝑓))0.4
𝑈𝑈 = 3.6; 

(𝑢(𝑡))0.4
𝑈𝑈 =

−0.44

(3.6)2 ; (𝑣(𝑡))0.4
𝑈𝑈 =

−2.32

(2.8)2 ; (𝑤(𝑡))0.4
𝑈𝑈 =

−0.1

(2.8)2 

 

 
We have, state trajectories, 

(𝑥1(𝑡))0.4
𝑈𝑈 = −1.5761(𝑡𝑓 − 𝑡0); (𝑥2(𝑡))0.4

𝑈𝑈 = −1.4817(𝑡𝑓 − 𝑡0); 

(𝑥3(𝑡))0.4
𝑈𝑈 = 0.6137(𝑡𝑓 − 𝑡0) 

 

 
In a similar manner we can obtain the controls and the state trajectories associated with each player for the LULP 

(𝑢(𝑡))0.4
𝐿𝑈 =

19.12

(7.8)2
 ; (𝑣(𝑡))0.4

𝐿𝑈 =
10.58

(4.6)2
 ; (𝑤(𝑡))0.4

𝐿𝑈 =
10.58

(4.6)2
 ;(𝑥1(𝑡))0.4

𝐿𝑈 = 3.6799(𝑡𝑓 −

𝑡0); (𝑥2(𝑡))0.4
𝐿𝑈 = −0.0201(𝑡𝑓 − 𝑡0); (𝑥3(𝑡))0.4

𝐿𝑈 = −0.0201(𝑡𝑓 − 𝑡0) 

 

 
For ULLP 

(𝑢(𝑡))0.4
𝑈𝐿 =

8.89

(4)2; (𝑣(𝑡))0.4
𝑈𝐿 =

1.8

(2.7)2; (𝑤(𝑡))0.4
𝑈𝐿 =

3.3

(2.7)2;(𝑥1(𝑡))0.4
𝑈𝐿 = 4.1422(𝑡𝑓 − 𝑡0); 

(𝑥2(𝑡))0.4
𝑈𝐿 = 1.4262(𝑡𝑓 − 𝑡0); (𝑥3(𝑡))0.4

𝑈𝐿 = 2.6607(𝑡𝑓 − 𝑡0) 

 

 
For LLLP 
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(𝑢(𝑡))0.4
𝐿𝐿 =

15.355

(6.1)2
; (𝑣(𝑡))0.4

𝐿𝐿 =
5.565

(3.3)2
; (𝑤(𝑡))0.4

𝐿𝐿 =
6.165

(3.3)2
;(𝑥1(𝑡))0.4

𝐿𝐿 = 4.0224(𝑡𝑓 − 𝑡0); 

(𝑥2(𝑡))0.4
𝐿𝐿 = 0.6257(𝑡𝑓 − 𝑡0); (𝑥3(𝑡))0.4

𝐿𝐿 = 0.9563(𝑡𝑓 − 𝑡0) 

 
Hence the 𝛼-saddle point (for 𝛼 = 0.4) of this example is  

(𝑢̃𝑅)0.4 = [[
15.355

(6.1)2 ,
8.89

(4)2] : [
19.12

(7.8)2 ,
−0.44

(3.6)2]]; (𝑣̃𝑅)0.4 = [[
5.565

(3.3)2 ,
1.8

(2.7)2] : [
10.58

(4.6)2 ,
−2.32

(2.8)2]] 

(𝑤̃𝑅)0.4 = [[
6.165

(3.3)2
,

3.3

(2.7)2
] : [

10.58

(4.6)2
,

−0.1

(2.8)2
]] 

Conclusion 
The study establishes the necessary and sufficient criteria for the existence of an α\alphaα-open-
loop saddle point. In this work, we analyze an NNN-player zero-sum continuous dynamic game 
formulated under the fuzzy–rough framework. The derived conditions are illustrated through a 
numerical example involving three players, evaluated at α = 0.4 under various scenarios. The 
findings are applicable to situations where it is desirable to optimize the advantage for a specific 
individual or organization 
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